This paper is concerned with spectrum sharing for wireless communication, where a secondary or cognitive radio (CR) link communicates over the same bandwidth that has been assigned to an existing primary radio (PR) link. It is assumed that the CR transmitter has perfect channel state information (CSI) on the channels from it to both the PR and CR receivers (as usually assumed in the literature), as well as the channel from the PR transmitter to PR receiver (a new assumption made). With known PR CSI, we study the optimal power control for the CR fading channel to maximize its ergodic capacity subject to the CR's transmit power constraint as well as the constraint on the maximum ergodic capacity loss of the PR link due to the CR transmission. It is shown that the new power-control policy performs better than the conventional one that does not depend on the primary user CSI, but is based on the average interference-power constraint at the PR receiver, in terms of both the PR and CR channel ergodic capacities.
I. INTRODUCTION
In this paper, we consider a typical spectrum sharing scenario for wireless communication, where a secondary radio also known as cognitive radio (CR) link intends to communicate over the same bandwidth that has been assigned to an existing primary radio (PR) link. For such scenarios, the CR transmitter usually needs to deal with a fundamental performance tradeoff between maximizing the CR link throughput and minimizing the performance degradation caused to the primary transmission. One commonly known technique used by the CR transmitter to protect the primary transmission is opportunistic spectrum access (OSA), where the CR transmitter decides to access the channel of interest only if the primary transmission is detected to be off. Many algorithms have been reported in the literature for detecting PR's transmission status, generally known as spectrum sensing. In practice, owing to the nonzero probability of the misdetection of active PR transmission, certain degree of performance degradation of the PR link is usually unavoidable with OSA.
A more reliable spectrum sharing approach over OSA is to allow CR to transmit even when the PR link is active, provided that the resultant interference to the primary transmission is properly controlled. In this approach, dynamic resource allocation (DRA) over the CR link is essential, where the transmit power, bit-rate, bandwidth, and antenna beam of the CR transmitter are dynamically adapted based upon the channel state information (CSI) on the channel from the CR transmitter to the PR receiver. In the case of single-antenna fading CR channel, transmit power control can be an effective means for CR to achieve a good performance tradeoff [1] , while in the case of multi-antenna CR channel, joint bemaforming and power control at the multi-antenna CR transmitter should be applied [2] . Most prior works in the literature on DRA for CR usually protect the primary transmission by ensuing that the resultant peak/average interference power at the PR receiver is regulated below some certain threshold [3] , [4] , thus named as the primary-interference-power constraint (PIPC). Although applying PIPC is a practical solution to protect the primary transmission, whether it achieves the optimal performance tradeoff for CR has not yet been addressed in the literature.
In this paper, we focus our study on the single-antenna fading PR and CR channels, and present a new criterion to design the CR transmit power control. The new CR powercontrol policy is shown to be superior over the conventional one based on PIPC in terms of the achievable ergodic capacities of both the PR and CR links. The new method protects the primary transmission by ensuing that the maximum ergodic capacity loss of the PR link due to the CR transmission is no greater than some predefined value, thus named as the primary-capacity-loss constraint (PCLC). Clearly, PCLC is more directly related to the PR transmission than PIPC. To enable PCLC-based power control, this paper assumes that not only the CSI on the CR fading channel and the fading channel from the CR transmitter to the PR receiver is known at the CR transmitter (as assumed for PCLC), 1 but is also the CSI on the PR fading channel (a new assumption made). 2 With known primary user CSI, it is intuitive to see that the CR transmitter now can potentially have more opportunities to transmit, e.g., when the PR channel is in deep fading, since under such circumstances, the CR transmission will be no longer the major cause for the PR capacity loss. In this paper, we will formally study the optimal power control for the CR transmitter under the new PCLC, so as to achieve the maximum ergodic capacity of the CR fading channel.
The rest of this paper is organized as follows. Section II presents the system model for spectrum sharing. Section III reviews the results on the CR fading channel ergodic capacity achievable by the conventional power-control policy based on PIPC. Section IV introduces the new PCLC, and derives the optimal CR power-control policy to achieve the ergodic capacity. Section V provides numerical examples to compare the performances of the new and conventional power-control policies. Finally, Section VI concludes the paper.
Notation: |z| denotes the Euclidean norm of a complex number z. E[·] denotes the statistical expectation. The distribution of a circularly symmetric complex Gaussian (CSCG) random variable (r.v.) with the mean x and the variance y is denoted as CN (x, y), and ∼ means "distributed as". max(x, y) and min(x, y) denote, respectively, the maximum and the minimum between two real numbers, x and y, and for a real number a, (a) + max(0, a).
II. SYSTEM MODEL
As shown in Fig. 1 , this paper considers a spectrum sharing scenario for wireless communication, where a CR link consisting of a CR transmitter and a CR receiver shares the same bandwidth for communication with an existing PR link consisting of a PR transmitter and a PR receiver. All terminals are assumed to be equipped with a single antenna. The complex coefficients of fading channels from the CR transmitter to the CR receiver and PR receiver are represented by h and g, respectively, and from the PR transmitter to the PR receiver and CR receiver by f and o, respectively. We consider a slow-fading environment and for simplicity, assume a block-fading (BF) channel model for all channels involved. Furthermore, we assume coherent communications and thus only the fading channel power gain (amplitude square) is of interest. Let h i be the channel power gain of h at transmission block i, i = 1, 2, . . ., i.e., h i = |h(i)| 2 and, similarly, g i , f i , and o i are defined. It is assumed that all h i , g i , f i , and o i are independent r.v.'s each having a continuous probability density function (PDF). It is also assumed that the additive noises at both the PR and CR receivers are independent CSCG r.v.'s each ∼ CN (0, 1). Since in this paper we are interested in the information-theoretic limits of PR and CR links, it is assumed that the optimal Gaussian codebook is used at both the PR and CR transmitters.
For the PR link, transmit powers at different transmission blocks are denoted as {q i }. It is assumed that the primary user power-control policy P p (f ) is a mapping from f i to q i , subject to an average transmit power constraint Q, i.e., E[q i ] ≤ Q. In this paper, we consider two types of well-known power-control policies in the literature for P p (f ) although the developed results are applicable to any feasible P p (f ). One policy is the constant-power (CP) allocation, i.e.,
The other policy is the "water-filling (WF)" -based power allocation [5] , [6] :
Since it is assumed that PR is oblivious to the CR transmission, the interference from the CR transmitter is treated as the additional Gaussian noise at the PR receiver. Thus, the ergodic capacity of the PR channel can be expressed as
where p i is the CR transmit power at i, which will be more specified later. Note that the maximum PR ergodic capacity, denoted as C max
From (4), it follows that
In other words, to ensure C max p , the CR transmission must be off when the PR is on, the same as OSA. Note that C max p is maximized by the WF policy given in (2), although C max p is defined here for any feasible P p (f ), e.g., the CP policy given in (1) .
For the CR link, the power-control policy needs to consider both the CR link throughput and the sufficient PR link protection. In this paper, we assume that the CSI on both g i and f i is perfectly known at the CR transmitter at each i. Without loss of generality, we can combine the Gaussian-distributed interference from the PR transmitter with the additive Gaussian noise at the CR receiver, and define the equivalent CR channel power gain as h i ≡ hi 1+qioi , ∀i, which is also assumed to be known at the CR transmitter for each i. Thus, the CR/secondary radio power-control policy can be expressed as P s (h, g, f ), subject to an average transmit power constraint P , i.e., E[p i ] ≤ P . The CR channel ergodic capacity is then expressed as
Note that the maximum CR ergodic capacity, C max s , is achievable when P s maximizes C s without any attempt to protect the primary transmission. In this case, the optimal P s is the WF-based policy expressed as p i = d s − 1 hi + , where d s is the water-level with which E[p i ] = P , while the resultant PR channel ergodic capacity given in (3) comes to the minimum value, denoted as C min p .
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III. OPTIMAL POWER CONTROL UNDER PIPC
Existing prior works in the literature, e.g., [1] , [4] , have considered the peak/average interference power constraint at the PR receiver as a practical means to protect the primary transmission. In this section, we follow this approach to derive the optimal CR power-control policy to maximize the CR channel ergodic capacity under the constraint that the average interference power over fading states at the PR receiver must be regulated below some predefined threshold, 3 thus named as the primary-interference-power constraint (PIPC). The derivation here is similar to [1] , but with an additional constraint on the CR's own transmit power constraint, which is not considered in [1] . The ergodic capacity maximization problem (P1) for CR can thus be expressed as
Subject to
where Γ is the predefined PIPC value. It is easy to verify that P1 is a convex optimization problem, and thus by applying the Karush-Kuhn-Tucker (KKT) conditions [8] that are satisfied by the optimal solutions of p i 's for P1, denoted as {p (1) i }, we can obtain
where ν (1) and μ (1) are the nonnegative dual variables corresponding to the constraint (7) and (8), respectively, which satisfy the following Complementary Slackness conditions [8] :
Thus, if any of (7) and (8) is inactive for {p (1) i }, the corresponding ν (1) or μ (1) must be zero. In most practical situations with small (but nonzero) value of Γ, it can be shown that both constraints (7) and (8) are satisfied with equality for {p (1) i } and, thus, ν (1) > 0 and μ (1) > 0. Numerically, ν (1) and μ (1) can be obtained by, e.g., the ellipsoid method [9] . 4 Note that the power-control policy given in (10) can be considered as a modified WF-based power allocation. Compared with the standard WF policy, (10) differs in that the waterlevel is no longer a constant, but is instead a function of g i . This is intuitively correct because if g i = 0, (10) becomes the standard WF with a constant water-level 1/μ (1) , since in this 3 From CR's perspective, under the same threshold value, the average interference-power constraint is more favorable over the peak one. While from PR's viewpoint, the more restrictive peak interference-power constraint is seemingly more favorable over the average one; however, surprisingly, it was shown in [7] that the opposite is usually true. 4 The ellipsoid method applies the sub-gradient Γ − E[g i p i [n]] and P − E[p i [n]] to iteratively update ν[n + 1] and μ[n + 1] until they converge to ν (1) and μ (1) , respectively, where {p i [n]} are obtained from (10) for some given ν[n] and μ[n] at the n-th iteration. case any CR transmission does not interfere with the PR at all. On the other hand, if g i → ∞, from (10) it follows that the water-level becomes zero and thus p (1) i = 0 regardless of h i , suggesting that in this case no CR transmission is allowed since such transmission will result in an infinite interference power at the PR receiver.
For each given Γ, with the power-control policy in (10), the resultant CR and PR ergodic capacity, C s and C p , can be obtained from (5) and (3), respectively. Notice that increasing Γ from zero will result in a smaller C p but a larger C s until Γ is sufficiently large such that the PIPC in (7) becomes inactive, and the resultant C p and C s will remain as C min Furthermore, it is observed from (10) that PIPC-based power control does not depend on the PR channel power gain f i , which is desirable from the implementation viewpoint. However, there are also drawbacks of it explained as follows. Supposing that f i q i = 0, i.e., the PR link is off regardless of CR transmission, the CR transmitter can not take this opportunity to transmit if g i happens to be too large such that (10) results in that p
On the other hand, if f i q i happens to be large, suggesting that a significant amount of information is transmitted over the PR link, the PR transmission may not be successful if in (10) g i and h i result in a sufficiently large interference power g i p (1) i (though upper-bounded by 1 ν (1) ) at the PR receiver. The above drawbacks of PIPC-based power control will be overcome by the new policy presented in the next section, which jointly exploits all available channel CSI at the CR transmitter.
At last, it is worth mentioning here that although PIPCbased power control may lead to capacity loss of both PR and CR, it at least ensures an upper bound on the maximum PR ergodic capacity loss, as given by the following theorem:
Theorem 1: The PR ergodic capacity loss, denoted as C max p − C p , where C p is obtained from P1 for some given Γ, is upper-bounded by log 2 (1 + Γ), independent of P p and P s , as well as the channel distributions.
Proof:
where the first inequality is due to independence of g i and f i , and the convexity of the function f (x) = log 2 (1 + a 1+x ), for a ≥ 0 and x ≥ 0; the second inequality is due to (7) .
IV. OPTIMAL POWER CONTROL UNDER PCLC
In this section, we propose a new CR power-control policy by utilizing the CSI on all h i , g i , and f i available at the CR transmitter. The new policy is based on an alternative primarycapacity-loss constraint (PCLC) of PIPC to protect the primary transmission. Note that PCLC and PIPC are indeed related to each other. From Theorem 1, it follows that PIPC in (7) This full text paper was peer reviewed at the direction of IEEE Communications Society subject matter experts for publication in the IEEE "GLOBECOM" 2008 proceedings.
for a given Γ implies that C max p − C p ≤ log 2 (1 + Γ). In contrast, for PCLC, we directly consider the constraint C max p − C p ≤ C δ , where C δ is a predefined maximum ergodic capacity loss of PR due to the CR transmission. The ergodic capacity maximization problem (P2) for CR under PCLC can thus be expressed as (9) .
Notice that P1 and P2 differ only in their constraints, (7) and (14). Since C max p is deterministic given Q, the distribution of f , and P p (f ), using (3) we can rewrite (14) as
where C 0 = C max p − C δ . Unfortunately, the constraint in (15) can be shown to be non-convex, rendering P2 to be also nonconvex. However, under the assumption of continuous fading channel gain distributions, it can be easily verified that the "time-sharing" condition given in [10] is satisfied by P2. Thus, we can solve P2 by considering its Lagrange dual problem, and the resultant duality gap between the original and the dual problem is indeed zero. Due to the lack of space, we skip here the detailed derivations and present directly the solution to P2 as follows:
where similarly as for P1, ν (2) and μ (2) are the nonnegative dual variables corresponding to the constraint (15) and (8), respectively, which satisfy a similar set of complementary slackness conditions like in (11) and (12), and can be obtained by the ellipsoid method. Compared with the power-control policy in (10) under PIPC, the new policy in (16) under PCLC has an additional multiplication factor in front of the term ν (2) g i , which can be further expressed as
Notice that λ i is itself a (decreasing) function of p (2) i . From (16) and (17), the following theorem can be obtained:
Theorem 2: The optimal solution to P2 is
where z 0 is the unique positive root of z in the following equation:
An illustration of the unique positive root z 0 for the equation (19) is given in Fig. 2 . Note that F (z) 1 λi(z)ν (2) gi+μ (2) is an increasing function of z for z ≥ 0, and F (0) ≥ 1 hi , F (∞) = 1 μ (2) . As shown, z 0 is obtained as the intersection between a 45-degree line starting from the point (0, 1 hi ) and the curve showing the values of F (z). Numerically, z 0 can be obtained by a simple bisection search [8] described as follows. Supposing that z 0 ∈ [0, z max ], for the first iteration, letẑ be the midpoint of the given interval for z 0 , i.e.,ẑ = 1 2 z max . We then compute F (ẑ) − 1 hi , and compare it toẑ. If this value is greater thanẑ, it is concluded that z 0 >ẑ and thus z 0 ∈ ( 1 2 z max , z max ]; otherwise, z 0 ≤ẑ and thus z 0 ∈ [0, 1 2 z max ]. Thereby, after the first iteration, we reduce the interval for searching z 0 by half. The above process can be repeated until z 0 is obtained with arbitrary accuracy.
Next, we will highlight some interesting observations for the power-control policy in (16) under PCLC. First, from (17), it is seen that what is indeed required at the CR transmitter for power control at each i is f i q i , instead of the PR channel power gain f i . Therefore, more precisely, the primary user CSI in this paper refers to f i q i at any i.
Secondly, from Theorem 2, it can be inferred that p
(2) i > 0 for any i if and only if fiqi 1+fiqi ν (2) g i + μ (2) < h i . For given ν (2) , μ (2) , and h i , it then follows that p (2) i > 0 only when g i and/or f i q i are sufficiently small. This is intuitively correct because they are indeed the cases where CR will not cause too much PR ergodic capacity loss. In the extreme case of g i = 0 and/or f i q i = 0, it is easy to verify that the condition for p (2) i > 0 becomes 1 μ (2) > 1 hi , the same as standard WF. Thirdly, by increasing C δ from zero, the resultant C s increases and C p decreases until C δ reaches C max p − C min p , after which the constraint in (14) becomes inactive; C s and C p will remain as C max s and C min p , respectively. On the other hand, when C δ = 0, C max p and C min s are resultant. Notice that in the case of PCLC, unlike PIPC, C min s may or may not be zero. If the PR power-control policy is CP given in (1), it is easy to verify from (4) that C max p is achievable only if p i = 0 with probability one since q i = Q > 0, ∀i, and thus C min s = 0. However, if the WF policy in (2) is used for the PR power control, then C min s > 0. This is because the WF policy results in q i = 0 for some i with sufficiently small values of f i , and thus from (4) it follows that p i can be nonzero when q i = 0 and this occurs with finite probability.
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V. NUMERICAL EXAMPLES
Numerical results are provided to evaluate the performance of the new CR power-control policy based on PCLC given in (16) and the conventional policy based on PIPC given in (10) . By assigning different values of Γ and C δ for the problem P1 and P2, respectively, the corresponding ergodic capacity region, which constitutes all the achievable CR and PR rate pairs, can be obtained. It is assumed that P = Q = 10. f , h, g and o are assumed to be independent CSCG r.v.'s ∼ CN (0, 1), CN (0, 1), CN (0, 0.5), and CN (0, 0.01), respectively. Fig. 3 and Fig. 4 show the ergodic capacity region for CP and WF primary user power-control policy, respectively. It is observed that in both cases of CP and WF, the capacity gains by the new PCLC-based power-control policy over the conventional PIPC-based policy are quite substantial. For instance, when the PR ergodic capacity loss due to the CR transmission is 5%, i.e., C p = 0.95C max p , the CR ergodic capacity gain for the new policy over the conventional one is approximately 28% in the CP case, and 50% in the WF case. In general, the capacity gain is more significant in the WF case than the CP case. This is because WF policy may result in zero PR transmit power levels when the PR channel is in deep fading, and thus for the new power-control policy, CR can take such opportunities to transmit. Another interesting observation is that C min s is zero in the CP case for both the new and conventional CR power-control policies, as well as in the WF case for the conventional policy; however, it is nonzero in the WF case for the new policy, in accordance with the claim previously made in Section IV. Also note that C min s in each case is the corresponding CR ergodic capacity achievable by OSA.
VI. CONCLUSIONS
This paper studies the capacity limits of spectrum sharing between CR and PR over fading channels. It is shown that the conventional approaches for CR, namely, OSA and PIPCbased power control, can not achieve the optimal ergodic capacity tradeoffs between CR and PR. OSA depends only on the PR on/off status, but not on the PR CSI. As a result, CR may loose some opportunity to transmit when the PR is on but the PR channel is in deep fading. PIPC-based power control does not depend on the PR on/off status as well as the PR CSI. As a result, when the PR is off or when it is on but the PR channel is in deep fading, CR loses the opportunity to transmit. Moreover, when the PR is on and the PR channel is in good condition, CR may occasionally interfere too much to the PR receiver. The new PCLP-based CR power control presented in this paper exploits all available channel CSI, and thus overcomes the above drawbacks of the conventional approaches. At last, it is noted that the new scheme is applicable to any general parallel Gaussian channel, e.g., the time-dispersive broadband channel that is decomposable into parallel narrow-band channels via orthogonal-frequency-division-multiplexing (OFDM).
